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ON MANIFOLDS SATISFYING STABLE SYSTOLIC INEQUALITIES
MICHAEL BRUNNBAUER
Abstract. We show that for closed orientable manifolds the k-dimensional stable sys-
tole admits a metric-independent volume bound if and only if there are cohomology
classes of degree k that generate cohomology in top-degree. Moreover, it turns out that
in the nonorientable case such a bound does not exist for stable systoles of dimension
at least two.
Additionally, we prove that the stable systolic constant depends only on the image
of the fundamental class in a suitable Eilenberg-MacLane space. Consequently, the
stable k-systolic constant is completely determined by the multilinear intersection form
on k-dimensional cohomology.
1. Introduction
LetM be a connected closed smooth manifold of dimension n, and let g be a Riemann-
ian metric on it. Let 1 ≤ k ≤ n − 1 be an integer. The volume of an integral or real
k-dimensional Lipschitz cycle c =
∑
i riσi is given by
Volk(c) :=
∑
i|ri|Volk(∆
k, σ∗i g).
To see that this is well-defined note that the pullback ‘metric’ σ∗i g is almost everywhere
defined by Rademacher’s theorem and is positive semidefinite. Thus, it has an almost
everywhere defined ‘volume form’, and Volk(∆
k, σ∗i g) is the integral of this k-form over
∆k.
For an integral homology class α ∈ Hk(M ;Z) the volume Volk(α) is defined as the
infimum of the volumes of all integral Lipschitz cycles representing α. The stable norm
‖α‖ of a real homology class α ∈ Hk(M ;R) is defined in the same way but using all real
Lipschitz cycles representing α. Federer showed that the stable norm is in fact a norm,
and moreover that
‖α‖ = lim
i→∞
1
i
Volk(iα)
holds for all integral homology classes α. (This is proved in [Fed74], sections 4 and 5.
See also [Gro99], section 4.C.).
The stable k-systole stabsysk(M, g) is defined as the minimum of the stable norm on
the nonzero classes of the integral lattice Hk(M ;Z)R in Hk(M ;R). The main focus of the
present article is on the existence and nonexistence of stable systolic inequalities of the
form
stabsysk(M, g)
n/k ≤ C(M) ·Vol(M, g), (∗)
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in which the constant C(M) does not depend on the metric g. Therefore, it is natural to
look at the stable k-systolic constant
σstk (M) := infg
Vol(M, g)
stabsysk(M, g)
n/k
,
where the infimum is taken over all Riemannian metrics g onM . (If Hk(M ;Z)R is trivial,
the stable k-systolic constant is understood as zero.) Obviously, σstk (M) > 0 if and only
if M satisfies a stable systolic inequality (∗). Moreover, the reciprocal of σstk (M) is the
best constant C(M) such that (∗) holds.
For example, it is known by work of Gromov that
σst2 (CP
n) = 1/n! ,
see [Gro99], Theorem 4.36. (A more detailed proof may be found in [Kat07], section
13.2.) In fact, this is the only example of a higher-dimensional stable systolic constant
whose value is known and not zero.
In his Filling paper, Gromov gave a sufficient condition for an orientable manifold to
satisfy a more general stable systolic inequality.
Theorem 1.1 ([Gro83], 7.4.C). Let M be a connected closed orientable manifold of di-
mension n, and let (k1, . . . , kp) be a partition of n, i. e. an unordered sequence of positive
integers such that n =
∑p
i=1 ki. If there are cohomology classes βi ∈ H
ki(M ;R) such that
their cup product β1 ⌣ · · ·⌣ βp ∈ H
n(M ;R) does not vanish, then
p∏
i=1
stabsyski(M, g) ≤ C · Vol(M, g)
for a constant C > 0 depending only on the dimension n, the partition (k1, . . . , kp), and
the Betti numbers bki(M) of M .
For the dependence on the Betti numbers and the partition the reader is referred
to [BK03], Theorem 2.1. Applied to stable systolic inequalities (∗), i. e. to the case
of partitions (k, . . . , k), this theorem implies that the stable k-systolic constant σstk (M)
of a connected closed orientable manifold of dimension n = kp is positive if there are
cohomology classes β1, . . . , βp ∈ H
k(M ;R) such that β1 ⌣ · · · ⌣ βp 6= 0. (See also
[BK03], Theorem 2.7.)
For example, cohomologically symplectic manifolds (i. e. even-dimensional manifolds
M2n possessing a cohomology class ω ∈ H2(M ;R) such that ωn 6= 0) have nonvanishing
stable systolic constants in all even dimensions that divide the dimension of M .
In [Bab92], Theorem 8.2 (c), Babenko showed that in the case k = 1 the condition
stated above is also necessary for the existence of a stable 1-systolic inequality. More
precisely, he proved that if the Jacobi mapping Φ : M → T b, with b := b1(M) the first
Betti number, maps the fundamental class [M ]Z of the manifold to zero, then σ
st
1 (M) = 0.
(Throughout this article the subscript will indicate the coefficients of the homology group
in which the fundamental class lives. This is necessary because later on we will also
consider coefficients in Z2 and in the orientation bundle.) But if Φ∗[M ]Z 6= 0, then there
are cohomology classes β ′1, . . . , β
′
n ∈ H
1(T b;R) such that
〈β ′1 ⌣ · · ·⌣ β
′
n,Φ∗[M ]Z〉 6= 0
since the cohomology of the torus is generated by classes of degree one. Therefore, the
cohomology classes βi := Φ
∗β ′i ∈ H
1(M ;R) have nonvanishing product, and the stable
1-systolic constant of M is nonzero by Gromov’s theorem.
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Extending this, we will show the following equivalence, which is valid for all integers
1 ≤ k ≤ n− 1.
Theorem 1.2. Let M be a connected closed orientable manifold of dimension n. The
stable k-systolic constant σstk (M) does not vanish if and only if n is a multiple of k, say
n = kp, and there exist cohomology classes β1, . . . , βp ∈ H
k(M ;R) such that β1 ⌣ · · ·⌣
βp 6= 0 in H
n(M ;R).
For instance, by Poincare´ duality, the stable middle-dimensional systolic constant of
even-dimensional manifolds vanishes if and only if the middle-dimensional Betti number
is zero.
For nonorientable manifolds we will prove a kind of ‘general stable systolic freedom’
whenever no one-dimensional systoles are involved. (The term (stable) systolic freedom
refers to the absence of a (stable) systolic inequality, see e. g. the articles [KS99], [KS01],
and [Bab02] for other kinds of systolic freedom.)
Theorem 1.3. Let M be a connected closed nonorientable manifold of dimension n. Let
pk ≥ 0 be nonnegative real numbers for k = 2, . . . , n−1. Then there is no constant C > 0
such that
n−1∏
k=2
stabsysk(M, g)
pk ≤ C · Vol(M, g)
holds for all Riemannian metrics g on M . In particular, σstk (M) = 0 for k = 2, . . . , n−1.
Denote by b := bk(M) the k-th Betti number. There exists a map Φ : M → K(Z
b, k)
that induces an isomorphism
Hk(M ;Z)R
∼=−→ Hk(K(Z
b, k);Z).
To see this, note that by the canonical isomorphism
[M,K(Zb, k)] ∼= Hk(M ;Z)b
it suffices to choose classes β1, . . . , βb ∈ H
k(M ;Z) that represent a basis of Hk(M ;Z)R.
This choice corresponds to a map
Φ : M → K(Zb, k)
such that the canonical basis δ1, . . . , δb of H
k(K(Zb, k);Z) is pulled back to βi = Φ
∗δi.
Thus, Φ induces an isomorphism on k-dimensional cohomology modulo torsion and
consequently also on the integral lattices of k-dimensional homology. Note however
that the homotopy class of this map is not uniquely determined by the isomorphism
Hk(M ;Z)R ∼= Hk(K(Z
b, k);Z) except when Hk(M ;Z) is torsion-free, which happens for
example if k = 1.
As in [Bru07] for asymptotic invariants and the (stable) 1-systolic constant, comparison
and extension techniques will allow us to prove homological invariance of stable systolic
constants.
Theorem 1.4. Let M and N be two connected closed orientable manifolds of dimension
n, and let 1 ≤ k ≤ n − 1. Suppose that bk(M) = bk(N) =: b and that there are maps
Φ : M → K(Zb, k) and Ψ : N → K(Zb, k) such that the induced homomorphisms on the
integral lattices of k-dimensional homology are bijective and such that
Φ∗[M ]Z = Ψ∗[N ]Z ∈ Hn(K(Z
b, k);R).
Then the stable k-systolic constants coincide: σstk (M) = σ
st
k (N).
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As a direct consequence two manifolds have the same stable k-systolic constants when-
ever there exists a degree one mapping between them that induces an isomorphism of the
integral lattices of k-dimensional homology.
Let M be a connected closed oriented manifold of dimension n = kp. Consider the
multilinear intersection form
QkM : (H
k(M ;Z)R)
p → Z
(β1, . . . , βp) 7→ 〈β1 ⌣ · · ·⌣ βp, [M ]Z〉.
By Theorem 1.2, this form vanishes identically if and only if σstk (M) = 0.
Using the computation of the real cohomology ring of the Eilenberg-MacLane space
K(Z, k) by Cartan and Serre, we are able to derive the following corollary of Theorem
1.4.
Corollary 1.5. Let M and N be two connected closed orientable manifolds of dimension
n = kp. If the multilinear intersection forms QkM and Q
k
N are equivalent over Z, then
σstk (M) = σ
st
k (N).
In the next section, we will give an axiomatic approach to stable systolic constants.
This will be used to prove Theorem 1.4 in section 6. In section 3, we recall two lemmata
from [Bru07] that are essential for various proofs in the later sections. Theorems 1.2 and
1.3 will be proved in section 5 using some topological facts on spheres and their loop
spaces that are presented in section 4.
The remaining case of nonorientable manifolds and stable 1-systoles was already inves-
tigated in [Bru07]. The respective results will be mentioned in the different sections.
As general references to systolic geometry, we would like to mention chapter 7.2 of
Berger’s book [Ber03], the survey article [CK03], and the book [Kat07].
Acknowledgements. I would like to thank D.Kotschick for his continuous advice and help.
I am also grateful to M.Katz for bringing my attention to stable systolic inequalities and
for many useful remarks. Moreover, I thank the anonymous referee for her/his help-
ful remarks. Financial support from the Deutsche Forschungsgemeinschaft is gratefully
acknowledged.
2. Axioms for stable systolic constants
Using continuous piecewise smooth Riemannian metrics, the definition of stable systoles
extends to connected finite simplicial complexes, see [Bab02], section 2. Hence, one may
define stable systolic constants for simplicial complexes, which for triangulated manifolds
coincide with the ones defined above.
Definition 2.1. A simplicial map f : X → Y between simplicial complexes of dimension
n will be called (n, d)-monotone if the preimage of every open n-simplex of Y consists of
at most d open n-simplices in X .
Consider the following two axioms for real-valued invariants I of connected finite sim-
plicial complexes.
Comparison axiom. Let X and Y be two connected finite simplicial complexes of di-
mension n. If there exists an (n, d)-monotone map f : X → Y such that the induced
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homomorphism f∗ : Hk(X ;Z)R →֒ Hk(Y ;Z)R is injective and the image f∗(Hk(X ;Z)R) is
contained in r ·Hk(Y ;Z)R for a positive integer r, then
I(X) ≤ d/rn/k · I(Y ).
Extension axiom. Let X be a connected finite n-dimensional simplicial complex, and
let X ′ be an extension of X, i. e. X ′ is obtained from X by attachment of finitely many
cells of dimension 1 ≤ ℓ ≤ n−1 such that the inclusion X →֒ X ′ induces the composition
of a split monomorphism Hk(X ;Z)R →֒ Hk(X
′;Z)R with multiplication by some positive
integer r. Then
I(X ′) = rn/k · I(X).
We will prove that both axioms are satisfied for the stable k-systolic constant. Anal-
ogous statements were shown in [Bab06] for the 1-systolic constant, in [Sab06] for the
minimal entropy, and in [Bru07] for the spherical volume. Similar ideas may be found in
various papers on systolic invariants under the keywords ‘meromorphic map’ or ‘(n, k)-
morphism’. (See for example [BK98], [BKS98], [KS99], and [KS01].)
Lemma 2.2. The comparison axiom holds for I = σstk .
See e. g. [Bab02], Proposition 2.2.7 for a similar argument. There, a kind of systolic
freedom (i. e. the vanishing of a suitably defined systolic constant) is pulled back. Here,
the stable systolic constant of Y may also be nonzero. The used pullback technique goes
back to [Bab92], Proposition 2.2.
Proof. Choose continuous piecewise smooth Riemannian metrics g1 and g2 on X and Y
respectively. Then
gt1 := f
∗g2 + t
2g1
with t > 0 is again a Riemannian metric on X . Choosing t > 0 small enough it can be
arranged that
Vol(X, gt1) ≤ d · Vol(Y, g2) + ε
for any given ε > 0. Moreover,
f : (X, gt1)→ (Y, g2)
is 1-Lipschitz and thus decreases the stable norm. Since f∗ : Hk(X ;Z)R →֒ Hk(Y ;Z)R is
injective and since f∗(Hk(X ;Z)R) ⊂ r ·Hk(Y ;Z)R, it follows that
stabsysk(X, g
t
1) ≥ r · stabsysk(Y, g2)
by the fact that the stable norm is a norm. Therefore, σstk (X) ≤ d/r
n/k · σstk (Y ). 
Lemma 2.3. The stable k-systolic constant satisfies the extension axiom.
In [BKSW06], Proposition 7.3, this is proved for a special case. Note also section 10
of the cited paper. With some adjustments the proof carries over to the general case. A
similar argument was first used in [BK98], Lemma 6.1.
Proof. The inclusion i : X →֒ X ′ is (n, 1)-monotone, induces a monomorphism on the
integral lattices of k-dimensional homology, and i∗(Hk(X ;Z)R) ⊂ r · Hk(X
′;Z)R, hence
σstk (X) ≤ 1/r
n/k · σstk (X
′) by the comparison axiom.
To prove the converse inequality, we want to use induction over the number of attached
cells. But it may happen that the attachment of some k-cells increases the k-th Betti
number and that later on the attachment of some (k+1)-cells decreases it again. Then the
induced homomorphism on real k-dimensional homology may be injective on the whole
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but it is not injective at every induction step. Therefore, it is useful to introduce the
following ‘relative’ version of the stable k-systolic constant.
Definition 2.4. Let b be a positive integer, and let φ : Hk(X ;Z)R → Z
b be a homomor-
phism. The induced homomorphism Hk(X ;R) → R
b will also be denoted by φ. For a
metric g on X the stable (φ, k)-systole stabsysφ,k(X, g) is defined as the minimum of the
quotient norm of the stable norm on the nonzero elements of the lattice Zb in Rb. The
stable (φ, k)-systolic constant is given by
σstφ,k(X) := infg
Vol(X, g)
stabsysφ,k(X, g)
n/k
.
Note that for φ a split monomorphism, this definition coincides with the original ‘ab-
solute’ one.
Now, an extension (X ′, φ′) of (X, φ) consists of a simplicial complex X ′ that is obtained
from X by attaching finitely many cells of dimension 1 ≤ ℓ ≤ n − 1 and of a homomor-
phism φ′ : Hk(X
′;Z)R → Z
b such that φ = φ′ ◦ i∗ with i : X →֒ X
′ the inclusion. We will
prove the following relative version of the extension axiom.
Claim. If (X ′, φ′) is an extension of (X, φ), then σstφ′,k(X
′) ≤ σstφ,k(X).
In fact equality holds because a relative version of the comparison axiom is also fulfilled.
Moreover, this claim implies that σstk satisfies the original extension axiom: taking φ
′ as
an isomorphism and φ as the composition φ′ ◦ i∗ one gets
σstk (X
′) = σstφ′,k(X
′) ≤ σstφ,k(X).
Furthermore, stabsysk(X, g) = r ·stabsysφ,k(X, g) since the stable norm is a norm. There-
fore, σstφ,k(X) = r
n/k · σstk (X) and the extension axiom follows.
With the relative version of extension it is possible to proceed by induction over the
number of attached cells. To prove the claim it suffices therefore to consider the case
where a single ℓ-cell is attached to X .
Note that the volume of X ′ equals the volume of X since the attached cell is of lower
dimension, hence is a set of measure zero with respect to any n-dimensional volume.
Let g be a Riemannian metric on X , and let h : Sℓ−1 → X be the simplicial attaching
map. Choose R > 0 such that h : (Sℓ−1, gR)→ (X, g) is nonexpanding where gR denotes
the round metric of radius R. Define a Riemannian metric on X ′ = X ∪h D
ℓ in the
following way: think of X ′ as divided into four pieces
X ∪h (S
ℓ−1 × [−1, 0]) ∪ (Sℓ−1 × [0, L]) ∪ Sℓ+
and take the following Riemannian metrics on the respective pieces
g, ((1 + t)gR − th
∗g)⊕ dt2, gR ⊕ dt
2, gR,
where (Sℓ+, gR) is an ℓ-dimensional round hemisphere of radius R and L > 0 is some
(large) number. This gives a Riemannian metric gL on X
′.
If stabsysφ′,k(X
′, gL) ≥ stabsysφ,k(X, g) for some L > 0, we are done. Hence, we may
assume that stabsysφ′,k(X
′, gL) < stabsysφ,k(X, g) for every L > 0.
Let α′ ∈ Hk(X
′;R) represent via φ a nonzero class in Zb such that its stable norm
‖α′‖ = stabsysφ′,k(X
′, gL), and let c ∈ Ck(X
′;R) be a real cycle representing α′ such that
Volk(c) ≤ ‖α
′‖+ ε.
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Next, we apply the coarea formula to the projection p of Sℓ−1 × [0, L] to the second
factor. Denote ct := c ∩ p
−1(t). Then
∫ L
0
Volk−1(ct)dt ≤ Volk(c),
and therefore there is a t0 such that
Volk−1(ct0) ≤ Volk(c)/L ≤ (‖α
′‖+ ε)/L.
Since the right hand side is bounded by (stabsysφ,k(X, g) + ε)/L, we can force the
volume of ct0 to be arbitrarily small by choosing L very large. By the isomperimetric
inequality for small cycles (see [Gro83], Sublemma 3.4.B’) applied to Sℓ−1 × t0 there is a
filling d of ct0 of volume
Volk(d) ≤ CR,ℓ · Volk−1(ct0)
k/(k−1),
with a constant CR,ℓ > 0 depending only on the radius R and the dimension ℓ. Assuming
Volk−1(ct0) ≤ 1, we get a ‘linear isoperimetric inequality’:
Volk(d) ≤ CR,ℓ · Volk−1(ct0).
The cycle c decomposes into two pieces along ct0 , that is to say c = c+ ∪ct0 c−. Define
another cycle
c′ := c+ ∪ct0 d = c− (c− ∪ct0 (−d)).
Since the cycle c− ∪ct0 (−d) is contained in the attached ℓ-cell, it is null-homologous.
Thus, c′ also represents α′. Moreover,
Volk(c
′) ≤ ‖α′‖+ ε+ CR,ℓ(‖α
′‖+ ε)/L
= (‖α′‖+ ε)(1 + CR,ℓ/L).
The map that contracts the cylinder Sℓ−1 × [−1, L] to X is nonexpanding. Hence, the
image c′′ of c′ under this retraction satisfies the same volume bound and still represents
α′.
The homology class α ∈ Hk(X ;R) represented by c
′′ inX is a preimage of α′. Therefore,
it represents a nonzero element of the lattice Zb ⊂ Rb. Moreover,
‖α‖ ≤ Volk(c
′′)
≤ (‖α′‖+ ε)(1 + CR,ℓ/L)
= (stabsysφ′,k(X
′, gL) + ε)(1 + CR,ℓ/L).
Since ε > 0 was chosen arbitrarily, we see that
stabsysφ,k(X, g) ≤ stabsysφ′,k(X
′, gL)(1 + CR,ℓ/L).
For L tending to infinity, this implies σstφ,k(X) ≥ σ
st
φ′,k(X
′). Thus the claim is proved, and
the extension axiom is valid for I = σstk . 
3. Two topological lemmata
In the proofs of the three theorems stated in section 1 we will frequently use the
following two lemmata. Both are direct consequences of [Bru07], Lemmata 2.2 and 2.3.
Lemma 3.1. Let M be a connected closed manifold of dimension n ≥ 3, and let f :
M → X be a map to a CW complex that is surjective on fundamental groups. Then f
is homotopic to a map from M to the (n − 1)-skeleton of X if and only if one of the
following statements holds:
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(i) M is orientable, and f∗[M ]Z = 0 in Hn(X ;Z).
(ii) M is nonorientable, f maps every orientation reversing loop to a noncontractible
one, and f∗[M ]O = 0 in Hn(X ;O).
(iii) M is nonorientable, f maps some orientation reversing loop to a contractible
one, and f∗[M ]Z2 = 0 in Hn(X ;Z2).
The local coefficient systems O in part (ii) are the orientation bundle onM and the in-
duced integer bundle on X . Recall that there is a bijection between the nontrivial integer
bundles over a CW complex and the subgroups of its fundamental group of index two.
For example, the orientation bundle O of M corresponds to the subgroup of orientation
preserving loops in M . If the kernel of the epimorphism f∗ : π1(M) ։ π1(X) consists
only of orientation preserving loops, then the image of the subgroup of orientation pre-
serving loops has again index two and determines a nontrivial integer bundle O over X .
(See [Bru07], section 2.2.)
Lemma 3.2. Let M and N be two connected closed orientable manifolds of dimension
n ≥ 3. Let i : M →֒ X be an embedding into a CW complex, and let f : N → X be a
map such that the induced homomorphism on fundamental groups is surjective and such
that f∗[N ]Z = i∗[M ]Z in Hn(X ;Z). Identify M and its image in X. Then f is homotopic
to an (n, 1)-monotone map N →M ∪X(n−1).
4. Spheres and their loop spaces
In this section, we will briefly recall some topological properties of spheres and their
loop spaces that will be used in the proofs of Theorem 1.2 and Theorem 1.3.
If k is odd, let Lk denote the k-dimensional sphere S
k. The cohomology ring is the
exterior algebra
H∗(Lk;Z) ∼= ΛZ[α]
with α ∈ Hk(Lk;Z) a generator. Therefore, by the Ku¨nneth formula
H∗(Lbk;Z)
∼= ΛZ[α1, . . . , αb]
with αi of degree k. Furthermore, we will always use the CW decomposition of S
k
consisting of one 0-cell and one k-cell.
It is known by work of Serre ([Ser51]) that the homotopy groups πm(S
k) for m > k are
finite (recall that k is odd). Sullivan showed in [Sul74] that the selfmap Sk → Sk of degree
d induces a homomorphism πm(S
k)→ πm(S
k), which is nilpotent on d-torsion. Therefore,
there exists a nonzero degree selfmap of Sk that induces the trivial homomorphism on
πm(S
k).
Finally note that the map Sk → Sk of degree two multiplies each homology class in Lbk
of dimension ℓ > 0 by some power of two. In particular, the homomorphism on homology
with Z2 coefficients is trivial.
If k is even, let Lk be a CW complex that is homotopy equivalent to the based loop space
ΩSk+1 of the (k + 1)-dimensional sphere. More precisely, let Lk be the James reduced
product J(Sk). (See for example [Hat02], pages 224–225 and section 4.J.) The CW
structure on Lk consists of one cell in each dimension divisible by k, and the cohomology
ring is the divided polynomial algebra
H∗(Lk;Z) ∼= ΓZ[α]
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with α ∈ Hk(Lk;Z). (Recall that this is almost a polynomial algebra. In fact, the
generator in degree kp equals αp/p!. Using real coefficients, the cohomology ring is a
polynomial algebra.) By the Ku¨nneth formula
H∗(Lbk;Z)
∼= ΓZ[α1, . . . , αb],
where the αi are of degree k.
Since πm(ΩS
k+1) = πm+1(S
k+1), the homotopy groups πm(Lk) are finite for m > k
(recall that k is even now). The group structure in πm(Lk) coincides with the one com-
ing from loop multiplication, hence one can easily construct selfmaps Lk → Lk that
induce multiplication by some positive integer on Hk(Lk;Z) and trivial homomorphisms
on πm(Lk).
The map ΩSk+1 → ΩSk+1 that assigns to each loop its double induces multiplication
by two in πk(L
b
k) and therefore also in Hk(L
b
k;Z) and in H
k(Lbk;Z). Hence it induces
multiplication by some power of two in every Hℓ(Lbk;Z) with ℓ > 0 and thus in every
Hℓ(L
b
k;Z), as well. Consequently, the induced homomorphism on homology with Z2
coefficients is trivial.
Summary. The CW complexes Lbk have cells only in dimensions divisible by k, their
real cohomology rings are generated by elements of degree k, and there exist selfmaps
hm : L
b
k → L
b
k for all m > k that induce multiplication by some positive integer on
Hk(Lbk;Z) (and therefore also on Hk(L
b
k;Z)) and vanish on πm(L
b
k). Moreover, there
exists a selfmap Lbk → L
b
k that induces the zero homomorphism in homology of nonzero
dimension with coefficients in Z2 but that is bijective on Hk(L
b
k;R).
5. Existence of stable systolic inequalities
Using the properties of Lk listed in the preceding section, we are able to prove:
Lemma 5.1. Let X be a connected CW complex of dimension n. Let 1 ≤ k ≤ n−1, and
assume that the k-th Betti number b := bk(X) is finite. Then there is a map f : X → L
b
k
that induces an isomorphism
f∗ : Hk(X ;R)
∼=−→ Hk(L
b
k;R).
In fact, f can be chosen such that the induced map on the integral lattices corresponds to
multiplication by some positive integer.
This lemma stems from [KS99], where the map f is constructed in sections 4 and 10.
Proof. The case k = 1 is easy because Lb1 is just the b-dimensional torus T
b, which is
K(Zb, 1). The canonical epimorphism
π1(X)։ H1(X ;Z)։ H1(X ;Z)R
is induced by the Jacobi map f : X → T b. The induced homomorphism f∗ : H1(X ;R)→
H1(T
b;R) is consequently an isomorphism, which is moreover an isomorphism of the
integral lattices.
Now, let 2 ≤ k ≤ n−1. Choose a CW decomposition of K(Zb, k) such that the (k+1)-
skeleton is
∨b Sk, the wedge of b spheres of dimension k. As in the introduction there is
a map X → K(Zb, k) that induces an isomorphism on the integral lattices of homology
in dimension k. By cellular approximation this gives a map X(k+1) →
∨b Sk. Note that
the (k + 1)-skeleton of Lbk is also
∨b Sk. Thus, we have a map
f (k+1) : X(k+1) → Lbk
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that induces an isomorphism on the integral lattices of homology in degree k.
Let hk+1 : L
b
k → L
b
k be as in the summary above, i. e. it induces the trivial homomor-
phism on the (k + 1)-dimensional homotopy groups and multiplication by some positive
integer on real homology of degree k. Then the composition hk+1 ◦ f
(k+1) : X(k+1) → Lbk
extends over X(k+2) since it is zero on the (k + 1)-dimensional homotopy groups. Call
this extension f (k+2) : X(k+2) → Lbk. Repeating this process gives finally a map
f : X → Lbk
for which the induced monomorphism Hk(X ;Z)R →֒ Hk(L
b
k;Z)R corresponds to multipli-
cation by some positive integer. 
Proof of Theorem 1.2. Denote b := bk(M). If k does not divide n, then the n-skeleton and
the (n− 1)-skeleton of Lbk coincide, and σ
st
k (M) = 0 by the comparison axiom applied to
the map f :M → (Lbk)
(n−1) of Lemma 5.1 (which is (n, 0)-monotone due to the dimension
of the range). Assume now that n = kp.
If n = 2, then k = 1 and it is known that, apart from the sphere, all closed orientable
surfaces satisfy a stable systolic inequality (∗) and that their cohomology rings are gen-
erated in degree one. Therefore, Theorem 1.2 is true in this case and we may restrict our
attention to n ≥ 3.
Let f : M → Lbk induce an isomorphism on real homology of degree k. If f∗[M ]Z = 0
in Hn(L
b
k;R), then f∗[M ]Z = 0 also in Hn(L
b
k;Z) since the homology of L
b
k is torsion-free.
By Lemma 3.1 one can homotope f so that its image lies in the (n−1)-skeleton of Lbk (i. e.
f is (n, 0)-monotone), and by the comparison axiom σstk (M) vanishes. The theorem of
Gromov stated in the introduction (Theorem 1.1) shows that there cannot be cohomology
classes β1, . . . , βp ∈ H
k(M ;R) having nonvanishing product.
On the other hand, if f∗[M ]Z 6= 0, then there are cohomology classes β
′
1, . . . , β
′
p ∈
Hk(Lbk;R) such that
〈β ′1 ⌣ . . . ⌣ β
′
p, f∗[M ]Z〉 6= 0
since the cohomology of Lbk is generated by classes of degree k. Therefore, the cohomology
classes βi := f
∗β ′i ∈ H
k(M ;R) have nonvanishing product and the stable k-systolic
constant of M is nonzero by Theorem 1.1. This finishes the proof. 
Proof of Theorem 1.3. Let fk : M → L
bk(M)
k be as in Lemma 5.1. Define
F := (f2, . . . , fn−1) :M −→ L :=
n−1∏
k=2
L
bk(M)
k .
Then by the Ku¨nneth formula, F induces monomorphisms on k-dimensional real homol-
ogy for all k = 2, . . . , n− 1.
There is a selfmap L → L that maps all homology classes (of nonzero dimension) to
an even multiple. Composing F with this map, one gets a map (still called F ) that is
injective on real homology of dimensions k = 2, . . . , n− 1 and that is zero on Hn(M ;Z2),
i. e. F∗[M ]Z2 = 0 in Hn(L;Z2). By Lemma 3.1 it is possible to deform F so that its range
lies in the (n − 1)-skeleton of L. (Note that L is simply-connected and that we may
assume n ≥ 3 since the theorem is empty for n = 2.)
Choose (continuous piecewise smooth) Riemannian metrics g1 and g2 on M and the
(n− 1)-skeleton L(n−1) of L, respectively. Then
gt1 := F
∗g2 + t
2g1
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with t > 0 is again a Riemannian metric on M . Choosing t > 0 small enough, it can be
arranged that
Vol(M, gt1) ≤ ε
for any given ε > 0. Moreover,
F : (M, gt1)→ (L
(n−1), g2)
is 1-Lipschitz. Since F∗ : Hk(M ;Z)R →֒ Hk(L
(n−1);Z)R is injective for all k = 2, . . . , n−1,
it follows that
stabsysk(M, g
t
1) ≥ stabsysk(L
(n−1), g2).
Therefore, the left-hand side of
n−1∏
k=2
stabsysk(M, g
t
1)
pk ≤ C · Vol(M, gt1)
is bounded from below by the constant
∏
k stabsysk(L
(n−1), g2)
pk , whereas the right-hand
side can be made arbitrarily small. Thus, there is no constant C > 0 such that this
inequality is satisfied for all metrics on M . 
The k-systole modulo torsion sys∞k (M, g) of a connected closed Riemannian manifold
is defined as the infimum of the volume Volk on the nonzero classes in Hk(M ;Z)R. The
corresponding k-systolic constant modulo torsion is denoted by σ∞k (M).
By work of Katz and Suciu ([KS99] and [KS01]) it is known that σ∞k (M) vanishes for all
2 ≤ k ≤ n− 1. (This phenomenon is called systolic freedom modulo torsion.) For k = 1,
Gromov and Babenko showed (see [Gro83], Appendix 2, (B’1) and [Bab92], Lemma 8.4)
that σ∞1 (M) is zero if and only if the Jacobi map Φ : M → T
b is homotopic to a map
with range in the (n− 1)-skeleton of the torus.
Since σst1 (M) ≥ σ
∞
1 (M) by definition, and since Babenko’s lemma also applies to the
stable systolic constant, the same characterization is true for the vanishing of σst1 (M).
Using Lemma 3.1, we get the following corollary.
Corollary 5.2. The stable 1-systolic constant σst1 (M) and the 1-systolic constant modulo
torsion σ∞1 (M) vanish if and only if the fundamental class of M with coefficients in Z,
O, or Z2 (according to the orientation behaviour of the Jacobi map) is mapped to zero by
the Jacobi map.
For surfaces this can easily be seen directly. Note in particular that the only surfaces
with zero stable 1-systolic constant are the sphere, the real projective plane, and the
Klein bottle.
6. Homological invariance of stable systolic constants
The first aim of this section is to prove Theorem 1.4. Then, we will apply the theorem
to the case of projective spaces over division algebras. Afterwards an analogous theorem
for the nonorientable case will be stated, where k = 1 may be assumed according to
Theorem 1.3.
Proof of Theorem 1.4. The images of the fundamental classes ofM and N in the integral
homology group Hn(K(Z
b, k);Z) may differ by a torsion class. Thus, Lemma 3.2 cannot
be applied directly. But we can bypass this problem in the following way.
Let f : K(Zb, k)(n+1) → Lbk be a map as in Lemma 5.1. (Since K(Z
b, k) is not finite-
dimensional in general, we have to consider some skeleton to be able to apply Lemma
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5.1.) In particular, the induced map on the integral lattices of k-dimensional homology
corresponds to multiplication by some positive integer r. Then f∗Φ∗[M ]Z = f∗Ψ∗[N ]Z in
Hn(L
b
k;Z) since the homology of L
b
k is torsion-free.
Using the mapping cylinder of f ◦ Φ, we may assume without loss of generality that
f ◦Φ is the inclusion of a subcomplex into Lbk. If we start with a CW decomposition ofM
with only one 0-cell, then there is a 1-cell in the mapping cylinder connecting this 0-cell
with the 0-cell of Lbk. Collapsing this 1-cell, we may assume that L
b
k is obtained from M
by attaching only cells of positive dimension.
By Lemma 3.2, f ◦Ψ is homotopic to an (n, 1)-monotone map
Ψ′ : N −→ X := M ∪ (Lbk)
(n−1).
Note that X is a finite complex. In particular, it is an extension ofM . By the comparison
and extension axiom, we get
σstk (N) ≤ 1/r
n/k · σstk (X) = σ
st
k (M).
Changing the roles of M and N gives equality. 
Remark. In the cases k = 1 and k = 2, it is not necessary to use a map f : K(Zb, k)→ Lbk
because the homology of K(Z, 1) = S1 and K(Z, 2) = CP∞ is torsion-free.
A direct consequence of Theorem 1.4 is the following corollary.
Corollary 6.1. Let f : M → N be a degree one map between connected closed orientable
manifolds such that the induced homomorphism
f∗ : Hk(M ;Z)R
∼=−→ Hk(N ;Z)R
is bijective. Then σstk (M) = σ
st
k (N).
For example, the inclusion C2n+1 × 0 →֒ C2n+2 = Hn+1 gives a degree one map
CP2n → HPn from complex to quaternionic projective space that induces isomorphisms
of homology in all dimensions divisible by 4. Therefore, the corollary implies
σst4k(HP
n) = σst4k(CP
2n),
which is nonzero if and only if k divides n by Theorem 1.2. In particular,
σst4n(HP
2n) = σst4n(CP
4n).
This last equation is Theorem 1.2 from [BKSW06]. However, note that our proof is
not essentially different from the proof of Bangert, Katz, Shnider, and Weinberger. In
fact, their reasoning is along the same lines but only for the special case of complex and
quaternionic projective spaces.
Note also that in dimension eight, they show that
σst4 (HP
2) = σst4 (CP
4) ∈ [ 1
14
, 1
6
].
In fact, the calculation of this stable systolic constant is possibly within reach, see
[BKSW06].
For the rest of this section let k = 1. For orientable manifolds (first type) integer
coefficients will be used. IfM is nonorientable and the subgroup of orientation preserving
loops contains the kernel of the canonical epimorphism φ : π1(M)։ H1(M ;Z)R (second
type), then we will use the orientation bundle O as (local) coefficients for homology.
Moreover, we will consider only maps Φ : M → T b such that only the last circle of
T b = S1×· · ·×S1 is represented by an orientation reversing loop inM and all other factors
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by orientation preserving loops. (Then the induced coefficient systems O on T b coincide
for all such maps Φ from different manifolds of second type.) If M is nonorientable and
there are orientation reversing loops in the kernel of φ (third type), then we will use
coefficients in Z2.
Theorem 6.2. LetM and N be two connected closed manifolds with b1(M) = b1(N) =: b,
and let Φ : M → T b and Ψ : N → T b be maps that induce isomorphisms on first cohomol-
ogy with integer coefficients (with the mentioned restriction for second type manifolds).
(i) If both manifolds are of the same type and Φ∗[M ]K = Ψ∗[N ]K (where K stands
for Z, O, or Z2 according to the type), then
σst1 (M) = σ
st
1 (N).
(ii) If N is of the third type and Φ∗[M ]Z2 = Ψ∗[N ]Z2 , then
σst1 (M) ≥ σ
st
1 (N).
This is a special case of [Bru07], Theorem 7.1 for I = σst1 . (This theorem is valid only
for manifolds of dimension n ≥ 3. But the case of surfaces can easily be verfied directly.)
7. The multilinear intersection form
Consider two simply-connected closed four-manifolds M and N . If their intersection
forms are equivalent, then the manifolds are homotopy equivalent by the theorem of
Milnor and Whitehead. Therefore, their stable 2-systolic constants coincide. (For this
only the comparison axiom is needed since every homotopy equivalence of manifolds is
homotopic to an (n, 1)-monotone map by Lemma 3.2.) We will see that one can drop the
assumption on the fundamental group using Theorem 1.4.
More generally, let M be a connected closed manifold of dimension kp. Consider the
multilinear intersection form
QkM : (H
k(M ;Z)R)
p → Z,
(β1, . . . , βp) 7→ 〈β1 ⌣ · · ·⌣ βp, [M ]Z〉.
In the case p = 2, this is the usual intersection form.
Before we start with the proof of Corollary 1.5, note that a similar result was derived
by Hamilton (see [Ham06], Theorem 1.2): if two closed orientable four-manifolds with
b+2 = 1 have equivalent intersection forms, then their conformal systolic constants agree.
Here, the conformal systolic constant CS(M) is the supremum of the conformal systole
over all Riemannian metrics on M . (See [Kat07] for more details on conformal systoles.)
Proof of Corollary 1.5. Write b := bk(M) = bk(N). Choose maps Φ : M → K(Z
b, k)
and Ψ : N → K(Zb, k) inducing isomorphisms on the integral lattices of k-dimensional
cohomology such that the isomorphism
Ψ∗ ◦ (Φ∗)−1 : Hk(M ;Z)R
∼=−→ Hk(N ;Z)R
is an equivalence of the multilinear forms QkM and Q
k
N . Then
〈β1 ⌣ · · ·⌣ βp,Φ∗[M ]Z〉 = 〈Φ
∗β1 ⌣ · · ·⌣ Φ
∗βp, [M ]Z〉
= 〈Ψ∗β1 ⌣ · · ·⌣ Ψ
∗βp, [N ]Z〉
= 〈β1 ⌣ · · ·⌣ βp,Ψ∗[N ]Z〉
for all cohomology classes β1, . . . , βp in H
k(K(Zb, k);R).
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Since the cohomology ring of the Eilenberg-MacLane spaceK(Zb, k) equals the exterior
algebra ΛR[α1, . . . , αb] if k is odd and the polynomial algebra R[α1, . . . , αb] if k is even by
work of Cartan and Serre (see for example [Whi78], page 670), it follows that the classes
Φ∗[M ]Z and Ψ∗[N ]Z coincide in Hn(K(Z
b, k);R). By Theorem 1.4, the stable k-systolic
constants of M and N are equal. 
Consider the octonionic projective plane OP2. Its cohomology ring is isomorphic to
Z[α]/(α3) with α of degree eight. Thus, the intersection form Q8
OP2 on eight-dimensional
cohomology is given by
Q8
OP2 : H
8(OP2;Z)×H8(OP2;Z)→ Z,
(α, α) 7−→ 1.
The intersection forms of CP8 and HP4 on the respective eight-dimensional cohomology
groups are obviously equivalent over Z to the intersection form of the octonionic projective
plane. Therefore,
σst8 (OP
2) = σst8 (HP
4) = σst8 (CP
8).
Note that this shows that neither the canonical metric of the octonionic projective
plane nor the symmetric metric of the quaternionic projective four-space are systolically
optimal. In fact, Berger showed in [Ber72] that
Vol(CP8, g0)/ stabsys8(CP
8, g0)
2 = 1/70,
Vol(HP4, g0)/ stabsys8(HP
4, g0)
2 = 5/126,
Vol(OP2, g0)/ stabsys8(OP
2, g0)
2 = 7/66,
where g0 denotes the respective canonical Riemannian metrics.
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